We define Type I singularities for the mean curvature flow associated to a density ψ (ψMCF ) and describe the blow-up at singular time of these singularities. Special attention is paid to the case where the singularity come from the part of the ψ-curvature due to the density. We describe a family of curves whose evolution under ψMCF (in a Riemannian surface of non-negative curvature with a density which is singular at a geodesic of the surface) produces only type I singularities and study the limits of their blow-ups.
Introduction
The mean curvature flow (MCF for short) of an immersion 
α(E i , E i ) = H N for a local orthonormal frame E 1 , ..., E n of the submanifold, where ∇ denote the Levi-Civita connection on M. With the same notation ∇ we shall indicate the gradient of a function respect to the metric g.
A (n + 1)-dimensional manifold with density (M, g, ψ) is a manifold M with a metric g and a function ψ : M −→ R where, on any k-dimensional submanifold P of M (1 ≤ k ≤ n + 1), we consider the metric g induced by g but, instead of the canonical volume element dv k g associated to the metric g, we use the volume element dv Manifolds with density are being actively studied in many contexts. We refer to [13] for a short history in the context of mean curvature flow and to the website reference [20] maintained by Frank Morgan for a huge list of papers dealing with manifolds with densities.
The natural generalization of the mean curvature of a hypersurface M in a manifold with density M is obtained by the first variation of the ψ-volume of M. According to [9] , [14] and [16] it is denoted by H ψ and given (when ∇ψ has sense) by
When working in the context of a manifold with density, it is then natural to consider mean curvature flows governed by H ψ instead of H. We shall call this flow
the mean curvature flow with density ψ (ψMCF for short).
When ψ =constant, we have the standard mean curvature flow (1) . When M is a surface and M is a curve, we shall use the notations κ and κ ψ for H and H ψ respectively. In this setting, the mean curvature flow is also called the curve shortening flow.
Smoczyk, in [18] , observed that H ψ is the mean curvature of the warped product M × e ψ R in M × e ψ R, which gives as a consequence that: "the evolution under the ψMCF (2) of a hypersurface M of M is equivalent to the evolution of the warped product M × e ψ R in M × e ψ R under the MCF (1)". Without explicit reference to densities, this equivalence (with S 1 instead R) was used by Angenent ([3] ), Altschuler, Angenent and Giga ( [1] ) and Huisken ([11] ) to study the behavior of different hypersurfaces of revolution under MCF. Also Smoczyk used a similar approach in [17] . We start this paper by writing explicitely and in detail the equivalence (implicit in [17] ) of many problems related to mean curvature (among them, the MCF) on submanifolds P of a riemannian manifold M such that there is Riemannian submersion π : M −→ M and P contains all the fibers through points p ∈ P , with the corresponding problems related to the ψ-mean curvature (among them the ψMCF ) on submanifolds P = π( P ) in the manifold M with density ψ whose value at every point of x ∈ M is the logvolume of the fiber of the riemannian submersion over x. We also show how this equivalence gives new justifications of the definitions of mean and Ricci curvature associated to a density. This is done in section 2.
The above remarks are of some help for the main point of this paper: an introduction to the study of Type I singularities for ψMCF on a manifold with density. We begin it in section 3 by describing the natural definition of type I and the way of doing the blow-up in this context, ending the section with Proposition 6, which states the convergence of a sequence of blow-ups of a type I singular ψMCF to a type I singular ψMCF in the Euclidean space.
After this, in sections 4 and 5, we describe some new situations where the singularities of the ψMCF are of type I and are localized inside the set of singular points of the density ψ. The setting for these situations is the following:
The ambient manifold M will be a complete riemannian surface with a metric g that can be written as g = dr 2 + e 2ϕ(r) dz 2 and with sectional curvature K ≥ 0,
where ϕ : R −→ R is a smooth function satisfying ϕ(s) = ϕ(−s), r denotes the g-distance to the curve r = 0, and ϕ(r) ≡ ϕ • r. The existence of such a metric g over M is equivalent to the existence on M of a geodesic (r = 0 in the coordinates where the metric is written) such that the reflection respect to this geodesic (r, z) → (−r, z) and the reflections (r, a − z) → (r, a + z) are isometries. Examples of these surfaces are the ellipsoids of revolution, where the geodesic r = 0 is an equator (among these examples is the round sphere) and the flat plane. We consider on M a density ψ which depends only on r. That means that there is a smooth function, denoted again by (x) , where the first ψ is the function defined over M and the second ψ is the function defined on ]0, ∞[. We shall also demand ψ to satisfy lim sup
where (n) denotes the n-th derivative respect to r. When b = m ∈ N, if M × e ψ/m S m (where S m is considered with its standard metric of sectional curvature 1) is a Riemannian manifold without singularities then ψ satisfies the conditions (4) and (5) for all n ∈ N (then M × e ψ/m S m is a rotationally symmetric space in the sense of [5] and [6] ). This fact and the equivalence between the ψMCF of M in M and the MCF of M × e ψ/m S m in M × e ψ/m S m motivate to consider the conditions (4) and (5) also when b N. We remark that, when ψ satisfies (5) and b is not a natural number, M × e ψ/k S k has singularities whatever k ∈ N be. Then the hypothesis on ψ includes many situations (all when b ∈ R + − N) where the ψMCF seems to be special and not equivalent to the MCF in any regular Riemannian manifold. More details are given in section 4.
For the initial curve M 0 = F(M, 0) we shall consider two possibilities:
Next pictures show examples of these cases when M is the round sphere S 2 .
Along sections 4 and 5 we shall prove the following The concept of ln r b -shrinker which appeared above is
M t is a graph over
r = 0 for every t ∈ [0, T [.
T < ∞ and the flow F(·, t) is of type I in
Remark 1 (On the hypotheses r < ρ := min{z(ϕ + ψ ), sup{r; ψ + ψ 2 /b | [0,r] ≤ 0}}). As it is very usual, z(f ) denotes the first positive zero of a function f .
The inequality z(ϕ + ψ ) > 0 follows from (5) . 
Moreover the condition r < z(ϕ + ψ ) is necessary in order that the lines or circles at distance ρ − ε from the axis r = 0 collapse to this axis. Again details are given in section 4.
This remark gives immediately the following Corollary 2, which requires the definition of rotationally symmetric spaces and hypersurface, that we borrow from [5] and recall here with the notation used in this paper. 
, where dv g is the volume element of P .
Let us suppose that the fibers π −1 (p) have finite volume. Define
which defines a density over M. One has
that is, the volume of π −1 (P ) coincides with the ψ-volume of P . Now, we relate other geometric invariants associated to the density with geometric invariants in ( M, g).
First, let us compute ∇ψ. 
where the last equality follows from the formula of the first variation of the area applied to the variation (x, t) → c * x (t), c * x (t) being the horizontal lift of c(t) starting at x ∈ π −1 (p). Equation (9) says that the gradient of ψ at p ∈ M is the averaged mean curvature of the leaf π −1 (p). Moreover, 
If ∇ and ∇ denote, respectively, the covariant derivative in M and M, the equations of a Riemannian submersion give the relation π
As a consequence, if M is an immersed hypersurface of M, the second fundamental form α of π −1 (M) in M is related with the corresponding one α of M in M by
Then, if
− → H p is the horizontal lift of a vector tangent to M, the above remark and (10) give A consequence of these observations is that the isoperimetric problem for densities, the classification of submanifolds of constant ψ-mean curvature and the mean curvature flow for densities on a manifold M are equivalent to the corresponding purely Riemannian problems for manifolds M such that there is a Riemannian submersion π : M −→ M with leafs which have "constant" mean curvature vector and submanifolds S of M which contain all the fibers in M of points p ∈ M = π(S). When a group G acts as a group of isometries on a manifold M, a G-equivariant problem is a problem where only G-equivariant domains or G-equivariant submanifolds are considered. These G-equivariant problems fit in the above class of Riemannian problems. An example is the equivariant MCF studied in [17] , which is solved using the equivalent problem on densities, although, once again, the word density is not mentioned.
Let us remark that, not only problems with Riemannian submersions give rise to a problem with densities. When the density function ψ is regular, it is also true the assertion in the opposite direction: any problem with densities is equivalent to many problems on Riemannian submersions. In fact, given the manifold with a density (M, g, ψ) and any m-dimensional Rieman- 
This gives the same relations between H and H than before. Warped products M = M × e ψ/m Q (with any Riemannian manifold Q) provide a family of Riemannian submersions π : M −→ M which satisfy the above alternative hypothesis. When volume(Q) is finite, one obtains for the ψ defining the homothecies the expression e ψ (p) = V (π −1 (p))/V (Q), which differs from (7) only in the product by a constant, which does not affect the geometry of the problems.
These considerations give another justification of some of the definitions of the Ricci curvature in a Riemannian manifold with density. The known formulae for the curvature for a warped product (cf. [15] ) state:
which coincides with the Ricci curvature with density in Bayle's thesis (cf. [4] ), and is called many times the Bakry-Emery tensor. If our starting subject is the manifold with density (M, g, ψ), the m ∈ N is arbitray , we can take m → ∞ and obtain another usual definition of Ricci curvatue associated to a density (see, for instance, [14] ).
3 Type I singularities for the ψMCF and their blow-up
To introduce the concept of Type I flow for the ψMCF , we shall start using the equivalence between ψMCF and certain MCF stated in the previous section. Let (M, g, ψ) be a Riemannian manifold with density. Let M 0 be a hypersurface of M and M t be the ψMCF on M with M 0 as initial condition. We know that this is equivalent to the MCF of M 0 × e ψ/m Q in M × e ψ/m Q, and that M × e ψ/m Q could be a singular Riemannian manifold at the points where ψ has singularities. We emphasize that it could happen that ψ be singular and M × e ψ/m Q be still a regular Riemannian manifold, as we shall see soon. For the MCF it is known that, if T is the maximal existence time, one has that either the evolution attains a singular point of the metric of M × e ψ/m Q at time T or | A t | 2 becomes infinite at T and, then,
The second fundamental form α t and the Weingarten map A t of M t × e ψ/m Q in M × e ψ/m Q satisfy the equations (see [15] ) → ∞ when t → T , the hipersurface touches the singular points of ψ in the limit when t → T , however, a hypersurface could contain singular points of ψ and keep ∇ψ, N t 2 bounded. According to (12) and (13), if T is the first singular time of the ψMCF , one has
The inequality (14) could come from |A| → ∞ or from | ∇ψ, N | → ∞ or both together. There are interesting situations where the singularities come from the second case, because this localizes the possible singularities at the singular points of the density ψ. As we shall prove in section 4, the situations described in Theorem 1 fall in this type.
As in the MCF, because of property (14), it has sense to define
Definition 4. A ψMCF is of type I if there is a constant C > 0 such that
Then, if ∇ψ is bounded in the region of M where M t evolves by the ψMCF , the evolution of M t is of type I if and only if there is a constant C > 0 such that sup
The number b > 0 is irrelevant, it only changes the constant C in (15), but it is the memory of the m in (14) and it is useful in the context of the hypothesis (5) used in Theorem 1.
An immediate property of type I evolutions is
is a type I evolution under ψMCF , with T < ∞, then F(·, t) converges uniformly, as t → T , to some continuous function F(·, T
This shows that the family F(·, t) satisfies Cauchy condition for the topology of the uniform convergence, which proves that the functions F(·, t) converge to a continuous function
As in [11] , this proposition led us to the Definition 5. We say that p ∈ M is a blow-up point for the ψMCF of M if there is a x ∈ M such that F(x, t) converges to p and |A|(x, t) or | ∇ψ, N |(x, t) become unbounded as t → T .
Blow-up of the ambient space
Let M t be the evolution of a type I ψMCF of a compact hypersurface M without boundary or with the boundary in the boundary ∂G of a domain G in M. Let p ∈ G \ ∂G be a blowup point in M and let x ∈ M such that F(x, t) → t→T p. Let us consider a sequence of times 0 < t 1 < t 2 < ... < t j < ... < T which converge to T . At each t j , let us rescale the metric g as
This produces the same rescaling for the metric g 
which gives the desired smooth convergence of ϕ * j g j to g e on every compact when j → ∞ (equivalent to λ j → ∞).
Blow-up of the density function
For the gradients of the funtion ψ respect to the metrics g and g j , we have
To consider the function ψ defined on the subsets B e λ j R of R n+1 , we have to do the pull-back by ϕ * j , and we obtain the induced functions
Let us observe that if Φ
If ψ is a well defined function on all M (without singularities),
is a constant function. Here, as above, the limits are in the topology of smooth convergence on compacts.
When ψ is singular at p, the above has no sense because ψ is not continuous or even it is not defined at 0. But there are still a very general situations where ψ is singular at p but we have a nice limit. This will be the case in the proof of Theorem 1, which we shall see in section 4.
Blow-up of the hypersurfaces of the flow
If p is a blow-up point, there is a x ∈ M such that F(x, t) converges to p when t → T . Then
where F t := F(·, t). From the choice of R all the g t -geodesics of M t starting from x are defined for all the values of its length-arc parameter or they stop just at the boundary of M t .
We define now the rescaled flows F j (·, τ(t)) from M t into (B g R , g j ) using the above rescaling of the metric, with t j > t 0 , and the following rescaling of time
For simplicity, and without loss of generality, from now on we shall take 
which gives, for the mean curvature,
and, for the norm of the second fundamental form, Proof From their definition and formulae (30) and (32), the F j (·, τ) satisfy the equation:
Then every F j (·, τ) is a ψMCF in the ambient space with density (M, g j , ψ). For every τ, because F is of type I, using (31), (32) and Definition (15), we obtain 
Since g j (∇ j ψ, N j ) 2 is bounded, we have only three posibilites:
1 ψ is smooth everywhere.
2 F j (·, τ) does not touch any singular point of ψ for τ ≤ C − ε 3 There is a first τ 0 ≤ C − ε and a singular point F j (x 0 , τ 0 ) of ψ, such that
In case 3, from the hypothesis lim z→p ∇ j ψ/|∇ j ψ| is in the normal bundle of the singular set S of ψ, one deduces that F j (M τ 0 , τ 0 ) is transversal to S at F j (x 0 , τ 0 ). Since the original hypersurface did not touch S, this implies that there is a t(τ) < t(τ 0 ) < T where the hypersurface F(M, t(τ)) is tangent to S, which gives | ∇ψ, N | = ∞ at that point, which is impossible because T is the first singular time for the flow F. That means that case 3 is impossible. But in cases 1 and 2 the ψMCF F j in (M, g j ) is equivalent to the MCF F j × Id in M × e ψ S 1 , and the norms of the second fundamental form of the corresponding immersions satisfy | α
ε . Then, the usual computations (see [10] 
From (36) it follows that when we consider all the above magnitudes in R n+1 with the Euclidean metric, they are also bounded. Moreover, by (28), the distance from ϕ
is bounded. Then, by standard arguments (like in [12] page 91 or [19] page 87), the maps ϕ Although may be that ψ ∞ is not always well defined, there is always a limit of the mean curvatures associated to the densities, which we shall still name the mean curvature associated to the limit density. In fact, from (34) it follows that both H it is the claimed mean curvature associated to the limit density and is bounded by
On the other hand, since we have a C ∞ -convergence, also respect to τ, we have
Moreover, the limit flow F ∞ is also of type I because of (34) and (36). Because we have chosen M t as the connected component of M × {t} containing (x, t) and contained in F −1 (B g R (p)), the g t -geodesics of M t starting from (x, t) are well defined until they touch the boundary of M t which is contained in the boundary of B g R . But, when j → ∞, this boundary goes to the infinite, then, in the limit, the geodesics starting from (x, t) are well defined until the infinite. Then the corresponding limit manifold is complete.
4 ψMCF of curves in surfaces producing type I singularities
On the setting and the hypotheses of Theorem 1
In this section we shall describe in detail the setting for Theorem 1 and will motivate its hypotheses, then we describe some basic properties of the ψMCF in this setting, as the evolution of the barrier lines, which implies the production of singularities, and the preservation of the sign of κ ψ and the property of being a graph (Propositions 7 and 8 and Corollary 9). Then we state a serie of formulae of variation with the goal of proving (in the next section) that all the singularities which are formed are of type I.
We shall consider a surface M with metric g = dr 2 + e 2ϕ(r) dz 2 . We consider on it a density ψ which depends only on the coordinate r and is singular on the geodesic r = 0, which we shall denote also by Γ . Let us remark that the coordinate r of a point gives the distance of this point to Γ .
We take z as the arc-length parameter of the geodesic r = 0 on M, then ϕ must satisfy ϕ(0) = 0. Moreover, the fact that g is a metric imposes that ϕ has the Taylor expansion
and the Gauss curvature K of M is given by
and, for the covariant derivative ∇ of M, we have
It follows from the first equation (40) that the curves z =constant are geodesics and, from (40) and (38), that Γ (curve r = 0) is again a geodesic. Moreover, it is immediate from the expression of g that the reflection respect to Γ ((r, z) → (−r, z) and those respect to the curves z = c ((r, c − z) → (r, c + z)) are isometries.
From (40), we obtain the following concrete expression when M is a curve in a surface M like the above one:
When M is a graph (r(z), z) over Γ , one has also the following useful formulae for the unit tangent vector t and the unit normal N to the curve M:
and the following expressions for its curvature κ and for u := N , ∇r
When M × e ψ/m S m is a Riemannian manifold, for every p ∈ Γ , let us consider the hypersurface of M × e ψ/m S m given by {exp p ru, u ∈ T p Γ ⊥ ⊂ T p (M × e ψ/m S m )}. The Weingarten map A S of a geodesic sphere defined in that hypersurface is given by
From this and the properties of the mean curvature of a geodesic sphere around a point in a Riemannian manifold (see [8] , Theorem 3.2), one gets 
The formulae (45) and (46) have motivated us to consider densities ψ over M satisfying (5) and (4). Observe, however, that, when b is not a natural number, there is no natural m for which M × e ψ/m S m to be a smooth Riemannian manifold, because, in these cases, the sectional curvature S ri becomes infinite when r → 0.
According to formulae (47), when M × e ψ/m S m is a manifold (that is b = m), S ri ≥ 0 is equivalent to ψ + ψ 2 /m ≤ 0, then the hypothesis r ≤ sup{r; ψ + ψ 2 /b ≤ 0} in Theorem 1 is not a rare analytic condition, it is motivated by this fact and can be understood as the positivity of the sectional curvature in some strange manifolds with not integral dimension.
The proof of points 1 to 3 of Theorem 1
In this subsection we shall write many evolution formulae in an appropriate way to apply maximum principles. In those expressions will appear the laplacian ∆ ψ associated to a density, and we recall here its definition
and the way that the divergence theorem applies: Given an n+1 dimensional oriented compact Riemannian manifold Ω with smooth boundary ∂Ω, let N be the unit vector normal to ∂Ω pointing outward, one has
Remark 2. The following properties of the ψMCF (2) will be used from now on. (e) For the ψMCF (2) one has the following variational formulae (cf. [13] ),
As a consequence of Remark 2 (c) and (d) and the avoidance principle, one has
Proposition 7. Any curve inside the domain bounded by the lines r = r 0 < z(ϕ + ψ ) and r = 0 which moves by the ψMCF remains contained on this domain along all the motion, and the maximal time of existence of the motion is finite T < r 0 /µ, where µ is defined in (51) .
In most of the estimates that we obtain below we apply the maximum principle. This requires that the maximum or minimum are given in an interior point. Then, in the setting where the curve that moves has boundary, we should need to study the boundary separated. But since we are working with curves contained between the lines z = b 1 , z = b 2 , and in our ambient surfaces the maps (r, c − z) → (r, c + z) are isometries, if, for instance, the maximum is at z = b 2 , we can consider the symmetry respect to z = b 2 given by (r, z) = (r, 
Plugging these inequalities in (54), we obtain that this equation has the form
Then, by the strong maximum principle (for instance, cf. [7] , page 181), we get κ ψ (t) > 0 for t > 0. Now we give a serie of technical lemmas (mainly variation formulae) with the aim of proving that, in this setting, the ψMCF produces Type I singularities. The strategy for doing so is similar to that used in [11] and [1] with some variations obliged and shortcuts possible by the circumstances of our setting.
The idea is to prove that the part k 2 := −ψ u = − ∇ψ, N (positive because ψ > 0 and the curve is a graph, that is, u < 0) of κ ψ = κ + k 2 dominates (up to a constant) the part given by the standard curvature κ of the curve. Then, since by hypotheses (5) ψ is dominated (again up to a constant) by 1/r, the curvatures κ and k 2 will be dominated by 1/r, and it is proved at the end that satisfies the type I condition. The key points for that are good estimates of the quotients κ/k 2 and k 2 /κ ψ , which are obtained through their respective formulae of variation, whose computation requires many other formulae of variation, which we start now.
Proposition 10. The evolution of r(F(·, t)) when F(·, t) evolves in a surface
Proof. On the curve the laplacian of r is just ttr. Then the ψ-laplacian is
t 2 (r) = t t, ∇r = ∇ t t, ∇r + t, ∇ t ∇r = κ ∇r, N + t, ϕ (t − t, ∇r ∇r)
Plugging this expression into (50),
what coincides with the formula that we wanted to prove.
Proposition 11. The evolution of u(F(·, t)) when F(·, t) evolves in a surface
Proof Using (52) and (41) for ψ = r, we obtain
Computing now the Laplacian,
By substitution of this expression in (60), we obtain:
Proposition 12. The evolution of (ψ u)(F(·, t)) when F(·, t) evolves in a surface
Proof We just compute
From (59), (63) and (66), one obtains
and formula (62) follows.
If the curve is a graph over the geodesic r = 0 and ψ 0, then k 2 := −ψ u > 0. Now, we would like to prove that k 2 ≤ Ck ψ for some constant C independent of t. Let us observe that if κ ≥ 0, as k 2 > 0 and κ ψ > 0, then k 2 ≤ k ψ which gives k 2 κ ψ ≤ 1, then the difficulties to prove the bound we like arise only when κ < 0. We start by computing the variation of the quotient k 2 κ ψ .
Lemma 13. The evolution of
Proof. We just compute using the formula ∆ ψ
, ∇κ ψ and the equations (54) and (62) ∂ ∂t
Where, in the last equality, we have used that in (67) we obtain that either
Lemma 14. Under the hypotheses of Theorem 1, for any
By the maximum principle, k 2 /κ ψ is bounded from above by the solution of the equation y (t) = α y(t), α = C 1 + C 2 + C 3 , with the initial condition y(t 0 ) = max
for every t ∈ [t 0 , T [. By Remark 2, T is finite and lower than r 0 /µ, then
The statement of the Lemma follows from these remarks.
Lemma 15. For every real number
Proof. Computing like in the proof of Lemma (13), we obtain
Lemma 16. Under the hypotheses of Theorem 1, the quotient
, then in the formula of Lemma 15, the addend that contains the term 1/b − κ/k 2 becomes negative, κ ψ /k 2 > 0, and, thanks again to (5), (55) and (56), the coefficient of κ/k 2 is non positive, and the other addend that multiplies k ψ /k 2 = 1 + κ/k 2 is bounded by some constant δ. Then we can write
and the maximum principle gives Proof Instead of (2), we can use the equivalent flow
Which has sense when the evolving curve is a graph over Γ , because this implies that N , ∇r < 0 never vanishes, and it is equivalent to (2) because ∂F ∂t , N = κ ψ . Under this flow, the variation of r is given by
From Lemmas 16 and 14 |κ| ≤
From this and (71),
∂r ∂t
where we have used (5) for the last inequality then
and, for any 0 < t < t 1 < T , one has
for every t 1 < T Taking limits when t 1 → T , we have the inequality
On the other hand, by Lemma 16, the definition of k 2 , and (73),
which shows that the singularity is of type I. 
where ν is the outward unit normal vector field on ∂M tR . Let us study the last addend in (82)
and we continue the proof of the formula as in the compact case. We want to apply the above formula to a ψMCF of a complete graph (r(z), z) over the axis z in R 2 . In this case M is not compact and it is easier to check the condition of the above theorem if we take closed squares C R centered at 0 of side 2R instead of balls B R . To check this condition we shall need the Sturmian Theorem that we shall write below. In order to prove the announced Sturmian Theorem, we shall work with the flow (70) equivalent to the ψMCF and used in the proof of Theorem 18. Under this flow the variation of r is given by (71). To obtain the variation of η :=ṙ ≡ ∂r ∂z we take the derivative of (71) respect to z and obtain
Plugging (43) in this and doing the corresponding derivatives, we obtain, for η :=ṙ
where In the following Lemma, which is an adaptation of formula (57) in [13] before doing the integration, we shall use the following multi-index notation. Capitals will denote multi-indices. For us, all the entries j k of a multi-index J = (j 1 , ...., j q ) will be ordered j 1 ≥ j 2 ≥ · · · ≥ j q > 0.
For such a multi-index, we shall denote
Lemma 21 ( [13] ). One has the following evolution formula under ψMCF (2) in R 2 , Proof From Proposition 6, a blow-up centered at this point gives a limit flow in R 2 with its Euclidean metric and density lim j→∞ ψ • ϕ j is this limit exist. To know that, in fact, the limit exists and what it is, we use the property ψ j (v) = ψ 0 (v/λ j ) stated in (26). This formula implies that ψ j (r) = 1/λ j ψ 0 (r/λ j ) then, by (5), that is, in the C 0 convergence on compacts, there is a limit function ψ ∞ = b/r of ψ j which allows us to define the density ψ ∞ on R 2 by ψ ∞ = b ln r and the limit flow F ∞ (·, τ) satisfies the equation (2) with the mean curvature associated to this density. Since F j (·, τ) are graphs that converge C ∞ on the compacts to F ∞ (·, τ), then the equivalent flows ( r j (z, τ), z) have the derivatives of r j (z, τ) respect to z are bounded on every compact by the bounds of the derivatives of F j (z, τ) respect to z, then the r j (z, τ) converge C ∞ on the compacts to a function r ∞ (z, τ) and F ∞ (·, τ) is a graph for every τ. Now, we apply to the flow F ∞ (·, τ) in the Euclidean space with density (R 2 , g e , ψ ∞ = ln r b ) the standard blow-up 
which gives
κ( F(·, τ)) := H( F(·, τ))
and, taking into account the estimate (34),
Moreover, it follows from (28) and (87) that the points giving rise to the blow-up remain at finite distance from 0. Let us observe also that (87) and (88) give
that is, the function induced on M by the immersions F : M −→ R 2 and F ∞ : M −→ R 2 is the same, let us call it ψ M , but the metrics induced satisfy g = λ 2 g ∞ , which gives for the gradients of the above functions in the two different metrics the relation ∇ψ X) ). Moreover, the ordinary laplacians in these two metrics are related by ∆ = λ −2 ∆ ∞ . From both expressions we obtain
Moreover: 
This equation is similar to that which appears in ordinary MCF for the blow-up in type I singularities (for instance, see [12] 
Because we are in the Euclidean plane and r is the distance to a line, one has |∇r| = 1 and Then there is a sequence of times τ n such that the F(·, τ n ) converges smoothly to a curve F ∞ ∞ : M ∞ ∞ −→ R 2 . Now, let us check that we can apply formula (75) to the flow F ∞ (·, τ) . That is, we want to see that ∂( F ∞ (M ∞ , τ)∩C R ) is bounded by a finite natural number independent of τ and R (for τ big enough). Let us consider, in the equivalent flow (70), the family r j (z, τ) with fixed τ which converges C ∞ to some r ∞ (z, τ). By Lemma 20 there is a t 0 such that for every t ≥ t 0 there exists a finite ordered family z When b = m, κ ψ coincides with the mean curvature of a revolution hypersurface M ∞ ∞ × m ln r S m of R m+2 and it is known by the classification of the mean convex shrinkers that it must be a Cylinder, then M ∞ ∞ must be a line.
